
P HY SICAL REVIE W B VOLUME 11,- NUMBER 1 1 JANUARY 1975

Exchange and correlation in the electron gas*
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The theory of Vashishta and Singwi for the dielectric response function is examined. It is shown that
in the limit of long wavelength and zero frequency this theory gives the same result as that of Kohn
and Sham. The coefficient in the lowest-order gradient expansion for the exchange and correlation
energy has been evaluated and compared with the results of others.

I. INTRODUCTION

Attempts to improve upon the dielectric response
function of an interacting homogeneous electron gas
at metallic densities beyond the random-phase ap-
proximation (RPA) have, because of the complexity
of the many-body problem, invariably led to sever-
al simplifying approximations. Qf the several ap-
proaches based on mean-field theory that have
proved numerically successful, we shall give here
particular attention to the recent approach of Vas-
hishta and Singwi' (hereafter referred to as VS).

The primary aim of this paper is to examine the
basis of the mean-field approach. Starting from an
exact quantum-mechanical equation of motion for
the density fluctuation in the presence of a weak
external field, it will be shown that in the static
case and in the limit of long wavelength one obtains
an expression for the effective potential, which is
identical to the potential obtained in the well-known
scheme of Hohenberg, Kohn, and Sham. ' Based
on the latter scheme, Sham has recently suggested
an alternative form of the effective potential. How-

ever, he seems to have overlooked the similarity of
his approach to that of Vashishta and Singwi, which
makes the two potentials the same in the long-wave-
length limit. We shall also discuss the numerical
values of the coefficients of the lowest-order gradi-
ent expansion of the exchange and correlation ener-
gy of a slightly inhomogeneous electron gas within
the framework of the approximate scheme of VS.
We shall further comment on their response func-
tion for arbitrary wave vector and frequency.

II. MEAN-FIELD APPROACH

Consider a homogeneous electron gas on a uni-
form positive background which is perturbed by a
weak external potential varying slowly in space and
time. The exact quantum-mechanical equation of
motion for the density (n(r, t)) is

dr' v [v' v(r —r ') (n(r, t)n(r', t))]

=—v.[(n(r, t)) v.V.„,(r, t)],
where V' denotes differentiation with respect to the
nth Cartesian component of r, and the usual con-
vention of summation over repeated indices is used.
The angular brackets denote the ground-state ex-
pectation value. The kinetic tensor II ~(r, t) is de-
fined by

where p is the momentum, f,(p, r, t) is the usual
Wigner phase-space distribution function, and 0.

is the spin index. v(r) is the I"'oulomb interaction,
and V,„,(r, t) is the external perturbing potential.

In the event that the external potential varies
slowly in space and time, we may assume that
(n(r, t)n(r, t)) and II ~(r, t) have relaxed to their
local equilibrium values. In that case, these will
depend only on the value of the local density.
Therefore,

(n(r, t)n(r', t))

= (n(r, t)) (n(r', t))g(r —r'; (n))

(4)

where t((n)) is the local value of the kinetic-energy
density. Equation (3) is the definition of the pair
correlation function, which now depends only on
(r —r') and the local density (n). We are concerned
here with the deviation (n(r, t)) of the density from
its unperturbed value n. We have

tt( (r, tin(r', t)) =n(1+——
)

xg(r —r';n)[(n(r, t)) + (n(r', t))],
(5)
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where we have written

-,
( ))

1 Bg(r —r';n)
2 ~n

x[(n(r, t)) + (n(r', f))] (s)

which is certainly true for disturbances varying
slowly in space and time. In writing E(I. (S) we
have taken notice of the fact that g(r —r';(n)) is
symmetric in r and r'.

Inserting Eqs. (5) and (4) in E(I. (1), we have,
after linearization, the following equation of mo-
tion for (n(r, f)):

3 2 Bt, (n(r, t)) — —V'(n(r, f)) —(n/m) V,3' Sl

x dr'V' v r —r'

nx 1+-—g(r —r'.n)
2

x(~(r', t))I =—v'v.„(r,() .

Defining an effective potential through

V V,«(r, t) = VV„(r, f) + dr' Vv(r —r )

V —n r +nV„r =0 (isa)

—(n(r))+n V„(r) =O .(
Bp (isb)

The following relation between the kinetic-energy
density and the pair distribution function g(r) can
be ea,sily established [see Appendix, Ecl. (A9)]:

Bt(n) n~ 9f t(n) —n =— v(r) 1+n-
%2 2 ~n

x [g(r;n) —1]dr +-n' dv(r)
6 A'

x [g(r n) —1]dr

The solution of Eci. (14) is

(i4)

t(n) —t, (n) = —— v(r) [g(r, n) —1]dr

x [g(r, n) —1]dr
I

The quantity within the curly brackets is the pres-
sure as obtained from the virial theorem. For a
static external potential, E(I. (11), on using E(I.
(12), becomes

x 1+——gr —r'n —1 n r', t, 8

where V„(r, f) is the Hartree potential, E(I. (7) can
be written in a compact form as
82—,(mpr, t)) —

(
—)v'(r(r, t))=—v')'. „(r, t) . (&)

Expanding

(n (r', f)) = (n(r, t)) + (r ' —r) ~ V' (n (r, f)) + ~ .~, (10)

and using it in E(I. (S), we have for E(I. (9)

8 1 2 Bt n, (n(r, t)) —————— r ~ Vv(r)
Bt ' m 3 &n 3

n5/3 n

v(r)dr n' ' '
6

x [g(r, n ') —1]dn ',
where t, (n) is the kinetic energy density in the non-
interacting case. E(luation (15) on differentiation
yields

2 7——[t(n) —t (n)] = —— v(r)3nm ' 9

x [g(r, n) —1]dr —— v(r) ' dr
n sg(r;n)
3 an

——,', n-'" v x ar n'-"'

x 1+——gr, n —1 r V'2Fgr, t
n

x [g(r, n') —1]dn' . (is)

=—V'Vgr, t) .
E(luation (15) can also be written in the alternative
form'

If p is the static pressure, then it follows from Eq.
(11) tha. t

x 1+——grn —1 rn a

2 en

where y(r, ) is

s 2 n~ dv(r)=——f(n) ——
&n 3 6 A x v(r) [g(r;n) —1]dr (i8)
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a~ being the Bohr radius and 47[r,'a~~ /3 = 1/n.
If we include the interacting part of the kinetic

energy in the effective potential in Eq. (9), it can
be written as

E„,[(n)] =—
I drdr v(r —r )

x (n(r)n(r')), + T[(n)] —To[(n)] . (24)

V„,(r, f) = V„(r, f) + —— r1 dv(r)

nx 1+——grn —1 r
2 en

2 ef(n) &f0(n)

3g Az Az
(19)

The suffix c on the expression within angularbrack-
ets has the usual meaning of the correlated part
of (n(r)n(r')). Kohn and Sham also write Eq. (24)
in the form.

n [(n)„].=d„(n) ~—f dr dr'

xK„,(r —r ';n) (n (r)) (n(r'))
In the scheme of VS, the induced density in the

I'ourier space is written as
which in the long-wavelength limit becomes:

E„,[(n)] = E„,(n) + —,'K„,(n) dr((n(r))), (26)

where Xo is the usual free-electron polarizability,
and V,« in ordinary space is

where K„,(n) = f K„,(r;n) dr. Similarly

T, [(n)] = To(n}+— dr dr'
2

r —[g(r;n)] dr .n dv(r)

Vaishya and Gupta checked this approximation
using the self-consistent pair correlation of VS,
and found it to be exceedingly accurate for z, val-
ues of interest. The VS scheme implies that Bp/Bn

entering in Eq. (13b} is

p 2 ~~o n dv ~

1+—,n —g r, n —1 rsl
&pg)

(22)

1+an—g r;n —1 dr
88

It was found that, choosing a = —', , the compressibility
sum rule was very well satisfied (see Fig. 4 of Ref.
1). It implies that the last term in Eq. (19) is ap-
proximated by

xK, (r —r';n) (n(r)) (n(r'))

V, [(n)] = V, (n) r —rr, (n) f dr ((n(r)))r

in the same limit.
The basic equation of Hohenberg-Kohn-Sham for

determining (n(r)) is

5T,[(n)] &E„,[(n)]
5(n(r)) 5(n(r))

which together with Eqs. (25) and (27) yields

f dr' [Ko(r —r';n) +K„,(r -' r';n)] {n(r')) + VH(r) =0,
(30)

where Vv(r) is the Hartree potential. For a slowly
varying disturbance, Eq. (30) becomes

[K (n) + K„,(n)] (n (r)) + V„(r) = 0 {31)

where

We can, therefore, conclude that, for all practical
purposes, the VS scheme gives the exact value for
the compressibility. and

(„) 1 s To(n)
o Pg y 8 p (32)

III. KOHN-SHAM APPROACH

Kohn and Sham are concerned only with the sta-
tic situation. They write the ground-state energy
in the form:

E = T, +— dr dr' v(r —r ') {n(r)) (n (r'))0

K„,(n) =—1 s E„(n)

V being the volume.
Now, comparing Eq. (31) with the corresponding

equations (13b) and (12) of the mean-field theory we
have the following correspondence:

+ J[ dr (n(r)) V,„,(r)+E„,[(n)] (23) (34)
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is a considerable complication relative to the ear-
lier procedure, ' where no density derivative terms
occurs.

IV. STATIC DIELECTRIC FUNCTION

Equation (24) can be written as

+„,[(»)) ---')»» J»(r) &(»;») —)) d»

+ V[t(n) —t(no)] .
The exchange and correlation part of the chemical
potential, p,„,(n), is

1 sE„,(n, ) Pl

(n) =—-"' --=n v(r) 1+——
XC 2 BEE

]
- st( ) st ( )

(~ ~) Xo(&» ~)
1 —v(q) [1 —G(q)] yo(j, o))

(42)

where yo(q, ~) is the usual I.indhard function, and
where the function G(q) in the VS scheme is

I ~ ~l
[S(q- j';n) —1], (43)

In the mean-field approach the density response
function is given by

8 p.„,(N) 8 'pg 9
K (n)= --"' = v(r} I+2n +-

XC %g 2 &pg

x ['g(r;n) —1]dr +, ——o-, — . (38)
s't(n) &'t, (n)

S(q;n) being the static structure factor.
The induced density is

(n(j, u))) = y(j, o)) V,„,(q, (u),

which on using Eg. (42) can be rewritten as

(44)

Equations (38) and (35) have to give the same value
for K„,(n). And that it is so follows immediately if
one makes use of Eq. (14}in Eq. (38). Differentiat-
ing Ecl. (14) with respect to n we have

2 et n dv(r) n 8r—--= 1+——[g(r;n) —1]dr
8g 3 dy 2 %e

[- I/Xo(%» o)) —v(q) G(q)]

x g(q, &u}) + V„(q, ~) = 0 (45)

Comparing the above equation for &=0 with the
Fourier transform of Ecl. (30), we have the follow-
ing indentification:

K, (q) = —I/y, (q, 0)

=g —

3 + 8 J' 1+2' + p

K„,(q) = —v(q) G(q) . (47)

x [g (r;n) —1]dr' (3&)

For a roninteracting electron gas

(40)

Using Eels. (39) and (40) in Eg. (38), we see that
Eels. (38) and (35) are indeed identical.

%e have thus established that in the limit of long
wavelength and static disturbance {i.e. &o= 0),
K„,(n) as obtained from the mean-field approach
of VS is identical with that obtained from the Kohn-
Sharn approach. In the procedure of Vashishta and
Singwi K„,(n) is given by

1 dv(r)K.(n) =--

1+an —gr n —1 r
&n

(41)

with a =. —,'-. As pointed out before, Eg. (41} is for
practical purposes as good as the exact one. The
&8 procedure has the computational advantage in
that only first density derivatives enter. Even this

Kohn and Sham suggested expanding K„,(q) in
powers of q (gradient expansion) but they noted that
such an expansion is not appropriate for Ko(q).
Therefore, they reformulated their theory in terms
of a Schrodinger equation, where K„,(r) enters as
an effective potential and Ko(r) goes over to —5 V /
2m. This corresponds to using the exact free-
particle response function Xo(q, 0) in the treatment
of VS. The difference between the two schemes is,
however, that Kohn and Sham can treat nonlinear
response in contrast to VS. This is, of course, a
very essential aspect of the former procedure.

In the Kohn-Sham procedure K„,(r) is expressed
as a functional derivative of E„,(n), which, how-
ever, can be directly evaluated only in the long-
wavelength limit. On the other hand, in the VS
scheme G(q) can be calculated for arbitary q, al-
though it represents an approximation. In the long-
wavelength limit it is exact, as shown before.

Recently Hedin and t.undqvist' have argued that
K„,(q) stays approximately constant up to q = 2k~.
In support of this they cite the close agreement
they get with the G(q) of Geldart and Taylor. ' This
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contention, however, is not supported by the G(q)
of Vashishta and Singwi. In the VS scheme K„,(q)
stays almost constant up to q = k~ and not beyond.
The reason Hedin and Lundqvist give for trusting
the result of Geldart and Taylor is that the latter
gives very good phonon dispersion curves. With
the G(q) of VS one obtains equally good phonon dis-
persion curves. ' This, therefore, cannot be con-
sidered a good test, Another test is to calculate
the pair distribution function, since it is sensitive
to the form of G(q) over the whole region ranging
from q = 0 to q = 2k~ . It has been found that most
dielectric functions give very unphysical pair cor-
relation functions for small interparticle separa-
tion, whereas the pair correlation function ob-
tained in the VS scheme is acceptable. Unfortu-
nately, no such test has been «made on the Geldart-
Taylor G(q).

Lacking a more exact theory, we do not know
the precise form of t'(q) for intermediate values
of q. In the limit of large q it has recently been
8how n that

G(q)--', [I -g(o)] (48)

where g(0) is the value of the pair correlation func-
tion at x=0. For values of z, &4, one knows that
g(0) is nearly zero and, therefore, G(~) = —,', One
cannot rule out the possibility that the true G(q) has
a maximum for some intermediate value of q.

As an illustration we shall consider the exchange
contribution to K„,(0). In this case

K„(q) = —(4]]e'/q') —,
' (q/q~)'

= —me'(3])'n) 't'

Hence, the exchange potential is

(5o)

p„(n) = K„,(n') dn'

= —(e'/m) (3m'n)'t' (5l)

which is the same as the Kohn-Sham exchange.
This is, of course, expected since we have shown
in Sec. III that the two procedures are identicaj. in
the long-wavelength limit.

V. GRADIENT CORRECTION TO EXCHANGE AND
CORRELATION ENERGY

In this section we shall examine the lowest-order
gradient correction to the combined exchange and
correlation energy of a slightly inhomogeneous
electron gas within the framework of the approxi-
mate scheme of VS. Hitherto, it has not been pos-

[see Eq. (22) of Ref. I]. Here a = —,
' since t(n} =t, (n).

From Eq. (47) we have

sible to calculate exactly even this lowest-order
correction for all values of z,. of interest. Sham
was able to evaluate the exchange correction to
order ea, and Ma and Brueckner' evaluated the
correspondingcorrelationcorrection valid for r,
«1. The latter authors find that even in this limit
the correlation correction is as large as 2. 5 times
the exchange correction. In the local density ap-
proximation, the total exchange and correlation en-
ergy is written as

z„,[(««)] = f «(r «„.(n) (t«(r))

+— drg„'3' n v n r) '+. . . , 52

where e„,(n) is the exchange and correlation energy
per electron in the homogeneous electron gas with
density n The .quantity g(a) in Eq. (52), as shown
by Kohn and Sham, is the coefficient of the q term
in the q expansion of K„,(q). According to Eq. (47)
(47), g(a) is, therefore, the q coefficient in the ex-
pansion of —v(q) G(q).

The essence of the VS scheme and of the earlier
work' is that it is self-consistent in the sense that
the pair correlation function entering in G(q) is the
same as one obtains from the resulting response
function. It is, therefore, not legitimate to sepa-
rate exchange and correlation.

We do not have an analytic expression for the
self-consistent G(q) but for q&2k~, it can be well
represented (to within —,'% accuracy) by the follow-
ing expression'.

G(q) =A I[l —exp[ —B(q/k~)']t .
The parameters A and B are very gentle functions
of y', and have been tabulated by QS. g„',', which is
given by the coefficient of the qa term in the small-q
expansion of —v(q) G(q), is

g„','(n) = ,'AB Oe /7() [n —'/(37]' )' ']] . (54)

Using the tabulated values of A and B, one finds
that the factor k 2AB in Eq. (54) changes from
0.064 for x, =1 to 0.055 for x, =-6. For x, «1, it
extrapolates to the value 0.066.

There i,s no exact calculation available for g~~'

for the range of metallic densities with which the
above values can be compared. Such a comparison
can, however, be made for x, «1. Ma and Brueck-
ner' find that the correlation correction in the local
density approximation can be w& itten as

«z, [(n)l =J d«««. (««)
]

««««(r)) I*

B,(n) = —.'g(') (n} =-o. 00547n-'"Ry .

To order e~, Sham's estimate for the correspond-
ing exchange contribution is'
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g„','(n) = 0.01027 n '
Ry

Our estimate for x, «1 is

g„, (n) = 0.0136n Ry.

{56)

(59)

We also have estimates through Eg. (54), of g„~&

in the metallic density range, and it would be in-
teresting if one could check them through indepen-
dent means.

VI. GRADIENT CORRECTION IN HARTREE-POCK
APPROXIMATION

We have preferred to discuss the Hartree-Pock
approximation to the gradient correction in a sepa-
rate section, for the reason that in some respects
it is somewhat of a, pathological case. Sham' has
evaluated the coefficient g„',' to order e in Hartree-
Fock approximation. It mould therefore be of
some interest to calculate the same quantity in the
VS scheme, using the Hartree-Fock pair correla-
tion function in the evaluation of G(q) as was done
in the illustrative example in Sec. IV. As mas
mentioned in Sec. V, this is really not legitimate,
for by doing this we violate the basic requirement
of self-consistency of the pair correlation function.
We shall do this nonetheless.

Using Eg. (22) of Ref. 7, it is straightforward
to show that

5 2k 2A'

where we have ignored terms of order q and high-
er. This then yields

've

)2/3

23 778 p

15O (S+n)"' ~

1 pe p
Q'

10 (3&& n) ~ 2k~
(61)

We see that g„' ' has a logarithmic singularity for
q-0, implying that in this scheme no gradient ex-
pansion exists. In the exact calculation of Sham
to order e, only three graphs in the perturbation
expansion contribute to K„.(q). Each one of these
graphs gives a singular contribution of the sa,me
kind as above, but they cancel out in the resultant
contribution. This subtle cancellation is not pres-
ent in the Hartree-Fock result of VS. Sham's re-
sult is

g&'&(n) =-O. OO667n-'"Ry .
The resultant exchange and correlation contribution
is then

( )
&&8 21 &T8

(3+n)~ ~ 3 216 (3&& n)4 &
(62)

The main question which now remains to be an-
swered is hom reliable the VS dielectric response
function ls fol shorter wavelengths and fllllte fre-
quencies. Let us recall that in the very first ver-
sion of the theory, the principal aim was to take
account of short-range correlations which reflect
the behavior of fluctuations whose wavelengths are
on the order of inverse Fermi wave vector. In this
version one was able to remedy the bad behavior of
the pair correlation function in the ea,rlier theories.
However, the compressibility obtained was unsatis-
factory, which reflects the poor behavior of the
theory for long wavelengths. This defect was rem-
edied in the VS scheme by taking into account the
adjustment of the nonequilibriurn pair correlation
function to the external potential [see Eq. (6)j.
This modification gave a pair correlation function
which, as regards its short- range behavior, was
still acceptable. Sjolander and Stott" have gener-
alized the theory of Ref. 7 to the case of a two-corn-
ponent plasma and have successfully applied it to
the calculation of the annihilation rates of positrons
in metals. The latter depend chiefly on how well
the short-range correlations are treated in the the-
ory. We wouM conclude that in the VS scheme both
the long- and short-range correlations are treated
mell.

Very recently, Yasuhara'6 has investigated the
short-range correlations in the electron gas at
metallic densities from a diagrammatic analysis
of the perturbation theory, and has concluded that
it is essential to take into account an infinite sum
of electron-electron ladder diagrams. An analo-

which can be compared with Eg. (61). lt is seen
that in Eq. (61) we not only have an extra singular
term but the sign of the q' term is wrong. It seems
that the exact Hartree-Fock result, including all
orders in e, is not analytic for q-0. ' This would
imply that the gradient expansion does not exist in
the exact Hartree- Fock case.

The above discrepancy between the VS result and
that of Sham indicates that violating the self-con-
sistency requirement in the VS scheme should not
be permitted. This is supported by the reasonable
agreement for g„',' obtained in Sec. V, where com-
parison mith the result for r, «1 was made with
both exchange and correlation included. The dis-
crepancy above could also mean that in the VS
scheme, exchange has not been treated as accu-
rately as correlation. The reason for getting a
fairly good agreement in Sec. V would then be that
for x, «1, the correlation contribution to the gradi-
ent term dominates over the exchange contribution.

VII. REMARKS ON THE DIELECTRIC FUNCTION
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gous analysis has also been made by other au-
thors. " '9 These authors have calculated the pair
correlation function for various values of y, and
have compared their results with those of Singwi
et al. and find a remarkably close agreement be-
tween the two. One is led to conclude that in the
scheme of Singwi et al. ' the effective interaction
is closely related to their t matrix.

So far we have been concerned only with the sta-
tic aspects of the dielectric response. It was men-
tioned earlier that the phonon dispersion curves in
simple metals are very well reproduced in the VS .

scheme. This still reflects only the static behavior
of the theory. Recently one has been able to obtain
experimental jnformationao, ai on the dynamic form
factor S(tl, (()) for the electron liquid in Be and in
Al. Kalia and Mukhopadhyay have used the VS
theory to calculate S((I, ~) and have compared their
calculation with the above mentioned experimental
results. They find that both the calculated position
and width of the broad peak in S((I, &u) are in definite
disagreement with the observations for q & q, , q,
being the critical wave vector at which the plasmon
dispersion curve joins the particle-hole continuum.
The theory, therefore, in its present form is quite
unsatisfactory for high-frequency phenomena and
definitely needs improvement.

I/-1/3 r

We introduce new field operators

y. (&) = I '"y.(r) ,

(A8)

(A4)

+ZZ Jd(d( r((rlrr) "( (')()-

x p,'(&) p,', (5') (t, , (t') g, (&) {A8)

It is now straightforward to differentiate H(n) with
respect to n, and then, going back to the original
notation, we have

—H(n) =— g dr )t),'(r) V' )J),'(r)8
3n 2&1 0

drdr'(r —r'). Vv(r —r')
Gn „,

so that they satisfy the usual commutation relation

(t.(t) P.' (k')+ ()/,
' ((') g. (&) = &., t)($ —$') . (A5)

Performing the transformations defined by Eqs.
(A3) and (A4), we obtain

H(n) =- (n/X)"' Q dt j'.(() V; j.(&)
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APPENDIX

H(n) = — Q dr qt(r) V'(t, (r)
g

+—P dr dr' v(r —r')
OV'

x (t",(r) (t', , (r') (t), , (r') (t,(r), (Al)

where the integrations extend over the volume V,
containing N particles. We shall consider N as a
fixed number, whereas V and thereby the density,
n =A/jV, is varied. From the variational principle
it follows that

In the formalism of second quantization the Ham-
iltonian is

Using the definition of the pair correlation function

g (r —r ';n) =—
~ Q (0

~
(J'.(r) (t",.(r ') t/. , {r')(r).(r)

~
0&,

n Ogl

(A8)
we obtain from (A2), (Al), and (AV)

st(n) 8
3 t(n) —n = ,'n dr v(r) 1+n —g(rn)—

en an

+6 n dr r g(r;n),
dv(r)

where t (n) is the ground-state expectation value of
the kinetic energy density. This equation differs
from Eq. (14) of the text through the constant term

, n v(r) dr +, n —r -drdv(r)
aP ~i dy'

—, «IH(n)IO&=-(0['
"

[0&, (A2)
which, however, vanishes because

where ! 0& is the ground state of H(n) and depends
on the density n. In order to make use of the above
relation we need an expression for H(n), where the
density dependence appears explicitly. For this
purpose we introduce a dimensionless position
vector through

(A 10)

For the electron gas one has to include the uniform
positive background, which causes g(r;n) in (A9) to
be replaced by g(r;n) —1, in which case (A9) is
identical with E(I. (14).
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