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ABSTRACT

We critically examine various approximate theories which have been
put forward within the spirit of generalized random~-phase approximation {GRPA)
for dielectric response of the degenerate electron liquid at metallic ’
densities. The exchange-correlation contribution to the effective field
actiﬁg on an electron is expressed in terms of a frequency-independent function
G(a) in GRPA. “There are requireﬁents of ce;tain sum rules, e.g. the
compressibility sum rule, the'fluctuationrdissipatioﬁ theorem and the third .
frequency - momenf . sum rule, which impose restrictions on G(ﬁ) . - The theory of
Vashishta and Singwi for G(g)  satisfies the coﬁpressibility sun rule and
the fluctuation-dissipation theorem, while another recent theory by Pathak
and Singwi satisfies the third moment sum rule and the fluctuation-
dissipation theorem. The second work neglects the correlation contribution
to the kinetic energy, while the first one takes it into account through the
introduction of an ad hoc parameter. In this note, we show that if the
correlation kinetic energy part is correctly taken into account then G(T)
cannot be made to satisfw§E0mpresaibility sum ruleamiﬁqihird moment sum rule
simultaneously, in the sense that doing this would violate the ground-state

energy theorem of Ferrell.
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The dielectric response of the electron liquid is conveniently

discussed through & frequency and wave-vector-dependent dielectrie function l).
The random-phase approximation (RPA) of Noziéres and Pines 2) was the first
useful theory for this dielectric function, which is given by
1 - -+ .
—— = 1+ $(Q) Xy (T0) (1a)
13 (Q.:w) : ;
RPA
where . >
> - X {a.w)
Xgpa (2o00) = ; (1v)

1 - 9(@) x°(@0)

¢(a) is a Fourier transform of the Coulomb potential and xo(a,w) is the
polarizability of free electrons. All the other attempts 3) which have been
made t¢ improve upon the RPA result have started from the following form of the

density~density response function:

| 0+

X(qw) = —XAdB) (2a)
1 --wﬁa) X {q,w) '

= ¢(a) (1 - 6(Q))  (2v)

W)

-+ e -
where an effective potential Y(q) enters. The additional term ~¢(q) G(q)
is the correction due to exchange-correlation effects. It is also called the

local field correction.

There are a number of exact results which X(E,w) should satisfy.
We make brief statements about them.

1. Kramer-Kronig relations

x(’c;,w) = - % J A In x(quw') . (3)

-
2. Fluctuation~dissipation theorem
)
s@ = - —2= | m._j:] a
rn ¢(a) £(q,w)
oD

- 1 -+

= - == I Im x(q,w) dw (1)
0
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where n is the number density and S{q) the static structure factor,

3. Frequency moment sum rules

It is convenient to introduce the dynemic structure factor
- s + 2
8(q,w) = <Alo_,lo> §(w =i, ) o (5)
q
A

vhere p, is ths_Fourier transform of the density operator and mm = EA - EO .
3 ‘ , _
A lsbels the exact eigenstates of the many~-body system. We have

ol

x(30) = j m;sﬁww{}_i,+ﬂ fw+w%+NJ (6)
o ‘

and

Im X(qw) = -7 [8(Qw) -8(@~)] . (D)

Now certain exact . odd frequency moment sum rules can be written ‘dowm:
o0 - ’

* 24+ -+ ;

[ s@w @ a =} Ollpln. . mell o)y (@)
q q-
0

where H , the Hamiltonian of the system; sppears (2% + 1) times on the
right. :

In particular,
oo

o
J S(q,w) wdw = %%—- ' (9) .
0

° -+ 3 .n2 22 2
j S(q,m) w dw = —%a [%] + 4 (%i] <KE> +
0 .
n > D e - -
- . K} - . (10
- 2 Z:(qm $(®) [8(3-%) - s(®)] )
k

Here, < KE> is the average kinetic energy per particle. The third moment

sum rule [Eq.(10)] can be written in an alternative form:




(s @ w2 [ [ <]

0

J & g(F) (1 < cos 3F) (302 o(F) (11)
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where ¢(r) is the Coulomb potemtial and g(¥) is the pair correlation

function
Z (5(3) - 1) 4T L (12)

-

q

gr) = 1+

£ 4

Now we make & large  expansion of expressions (3) and (2a) and

i

equate the coefficients of l/uu2 s 1/w ...

< -]

- _11? J w Im x(a,m) dw = - %r' J w Im xo(a,w) dw (13)
Do 2w
and
o) : 0
- f W In x(q0) @ =< F J w.3Imx0(q,w) aw +
- o -ed :
_ @ | >
+ Ylgq) li- :;Lr- J w Im*xo(z,w) dw:l . (14)
Thus we have _ :
[24 - 2
- %r- J w Im xo(q,w) dws= EI%— (15)
. -0
1 . 3 -+ ( 2
2] P mge w e l_[ J L (] G, .6
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Here, <KE> P is the kinetic energy per particle in anon-interacting system.

The first moment sum rule is sutomatically satisfied by GRPA; the
third moment would be satisfied if

(Q)

Oy

-2 (=5 {<= - ]

> L 2 ' + 2
_ 1 > z [(q ' (k2+ q)) o(E+a) - 19._}2&2_ --q,(i{):l (s{k)-1)
bmme "~ qQ q

k

(17)
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In a recent paper, Pathak and Vashisghta h)

G(q) as given by Eq.{17) but neglected ' the correlation kinetic energy

have utilized the expression for

-+ . -
<KE>C = <KE> - <ICE>f . G(g) thus becomes a functional of 8{q) . The
fluctuation-dissipation theorem Eq.{4) is imposed as the self-consistency

> -+
condition which determines S(g) and hence x(q,w).

We can write down the ground-state energy per parﬁicle as
- R a
By = {KE), + OJ 5 N
or alternatively ‘

Ey = (KE> + ()

so that
@, = [ ¢n, - )

Yir )

rs 0 s

= - ?r— {9%]1/3 [l’-é- Jrs’y'(x) dx - = S ] Rydbergs

where T(rs) is given by

o T _
[ tstary) - 1) ag
o

?{rs)

- <]
J rlglr,r,) - 1) ar
0

Wt R

For the derivation of Eq..(lﬁ); we refer to Vashishta and Singwi 5).

The expression of GTM(E) can now be written in the form

.

. -
GTM(T'I) =3 {-J‘—' I ® F(x) ax - ’ﬂr'(rs)} n®

r
g o
) 5 19
- 1?% J an' n'" (s(n*) -l)%— )
0 2n
. L 22 .
+ D—=n g D0 .
lm’n3 n=-n'
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Here 10 = q_/.k.F . It can be written in an alternative form which can easily
be derived starting from BEg.(1l) instead of Eg.(10):

1 - r - _ [
GTM(U) = 3{;;- JSY(x)dx-Y(rs)}ﬂ

R | |
-2 [ 8 (gl - 1) gyt0) (22)
0

Here p E.rkF, and je(np)' is the spherical Besgel function of order two.

L. Compressibility sum rule

The q + 0 limit of the static dielectric function is given by

2,2
N /q -
Jlim €(g,0) = 1+ kTFe 5 ‘ (23)
a+0 1 =Y Ukg/i) |
here- | _ - _
y = 1m Sl (24)

Tr0 (P

and Ky i e Thomas~Fermi wave number. The isothermal compressibility K

is given by

(25)

K 2

Ky

The compressibility sum rule states that the volume of compressibility'

. ,
K
free =1 - y [kTF}

determined from fﬁg,ground-state energy of the system or from the virial equation
of state should be the seame as given by Eq.(25).

.Using the relation

-1
= 2p

and the wvirial equation of stsate
p = fn @ A -G DD e

we get




K
free 1 8
. =1 [‘an n GE),) 4

+ (18] { [ & e - 1) @ED) ¢(¥)_” L

A comparison of Egs.{25) and (27) gives

o 3 ' -'
= - &~ (a{KE}) +
Y 2e2kj.[ on < >c

¢ fo

o)

a'a;;] (I 'd;.(s(;.n') - 1) (7:9) ¢(i~’)” . (28)

Thus & G(_q) vwhich gives the above small q behaviour is- given by

6@ = 35 @) E

¢ 2ek;
13 ) [LL[ & g .
+ [1 + 55 ] E-n J -(;:?37 (8(q-q") —-1):I | | (29a)

or

r drs 2
8 . rs C

sy(r))  ay(r)
¢ {n) = - Zg_ [ rs, _ I‘S ___2 J[rs ?(x) dx:l n2-+

D o
+ [ 1+ %5%] ﬁ J (1 - &lp)) 3;(np) dp:l . (29v)
0

5)56),7) .

In a series of papers, Singwi et sl. have developed & succession
of approximations for the function G(q) . The bdsic philosophy is to include
the shorb-—fa.nge correlations regponsible for the local field corrections in a
self-consistent manner. In the last paper, they propose the following form

for  G{q) :

3 1 ag’ > > |
GVS(q) =[1+an§;1-] —;J-ai-sg (S(Q-Q)-l{l
— ol
= [1 +an é%] n J (1 - glx)) J;(nx) d}r] I (30)
L 0

Now,it may be noted that in this expression for ™ G{q) (compare with Eq.(29)),

n.n

the (KE)c “term has been neglected and in its place a parameter "a ' has been
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introduced in the derivative term. ILater, we shall comment about this

parameter,

It is clear that a G{q) which is either tailored to satisfy the
compressibility sum rule or the third moment sum ruie, together with the
fluctuation-dissipation theorem imposed as the gelf-consistency condition,
can be constructed. Here, we wish to lock at the problem from another angle.
Is it possible to construct G{q) which satisfies bofh ’fﬁ'écompressi‘biiity sum
Tule and the third moment sum rule? We show below that if this is done
it leads to a violation of fhe ground-state energy theorem of Ferrell 8)

which states that

d2E0 -
——== ( 0 at constant density (31)

.d(62)2

or  equivalently

Te)yo . (32)
s

We compare G _(n) and Gc(n) for small n , namely

™
s
D I I N TR - 2
Grefn) = 43 e J Y{x) ax - ¥(zr )| + 5 Y(rs)} n (33)
0 .
and
= = T
) > r, | 5¥(r,)  a¥(r)). 5 (8 _
G (n) =xy{r)n" = {- T T TE, T2 J Vix) ax | +
80
2 1 d = 2
+ [g—grs a“r—s'] Y(rs)} n 3 ‘ ) (34)
which gives
' T
T = o
CREE I CEERE CRN IR O
0 .
r -
8 — r_ d¥(r )
- —%—S- J ¥(x) ax - T(rs) + gs— -a?s— . (35)
o : s | .
This equation can be exsetly solved giving
- _ ‘ t
'Y(rs) = constant x r : (36)
and
- t = «0.15 (31)
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which violates Ferrell's condition,Eq.{32).

Next, we compare the exact result of isothermal compressibility, Eq.(28),

with the expression used by Vashishta and Singwi 5). This gives

s ay(r_)
5{7&5) - %‘_— I - y{x) d.x}- r ""'EIS.»"
1 ' 5o 8
8 = §'+ — . (38)
dY(rS) _
Yo T tAvir)

B8

It is interesting po note that the results for ﬁ?ﬁrs) from Vashishta and Singwi 5)
can be fitted by Bg.(36)-with t = 0.1165. This power law behaviour for (r )’
simplifies the expression for the parameter "a" (Eq.{38)) considerably,

giving | ‘

. & = '0.69

which is very close to 2/3 as used by Vashishta and Singwi 5) and is independent

of r . ‘This Justifies the internal consistency of their work and explains

why the compressibility sum rule is almost correctly satisfied.in it.

We conclude this note by observing that the GRPA expression should
be modified to satisfy these 'exact results. One of the possible alternatives
is to assume a (E,w)-—dependént local field correction,which implies a non-
local and retarded exchange correlation potential. The only work of this
type is by Toigo and Woodruff 9). But they obtain vy = 1/k,  independent
of T in their theory. ¥y = 1/b is the Hartree-Fock result and it is evident
that for small @ there are no correlation effects in their theory. Clearly

it requires further meodifications.
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